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I ABSTRACT i 

273s' 
, An expansion method i s  used t o  c a l c u l a t e  t h e  e x p e c t a t i o n  v a l u e s  

2 2 0  of v a r i o u s  o p e r a t o r s  f o r  t h e  lowest S and P s ta tes  of a l l  members 

of  t h e  l i t h i u m  sequence. The method i s  extended t o  t h e  c a l c u l a t i o n  of 

I m a t r i x  elements  connect ing t h e  two s ta tes  and the e l e c t r i c  d i p o l e  

t r a n s i t i o n  i n t e g r a l s  are  c a l c u l a t e d .  A comparison w i t h  t h e  r e s u l t s  

of more r e f i n e d  c a l c u l a t i o n s  shows t h a t  d e s p i t e  i t s  s i m p l i c i t y  t h e  

method i s  capab le  of h igh  accuracy.  
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AN EXPANSION METHOD FOR CALCULATING ATOMIC PROPERTIES 

2 I. THE S AND *Po STATES OF THE LITHIUM SEQUENCE 

M. Cohen and A .  Dalgarno 

1. INTRODUCTION 

An expansion method has  been used t o  c a l c u l a t e  t he  e x p e c t a t i o n  

I v a l u e s  of v a r i o u s  o p e r a t o r s  f o r  t h e  ground s t a t e s  of a l l  members of 

t he  helium and t h e  be ry l l i um i s o e l e c t r o n i c  sequences (Cohen & Dalgarno 

1961). 

of m a t r i x  e lements  between d i f f e r e n t  s t a t e s .  

It may a l s o  be app l i ed  t o  exc i t ed  s ta tes  and t o  the  c a l c u l a t i o n  

1 



2 .  THE RESTRICTED HARTREE-FOCK APPROXIMATION 

2 2.1.  The Is 2s  2S c o n f i g u r a t i o n  

We choose a s e t  of  u n i t s  i n  which the  s c a l e  of d i s t a n c e  i s  Z a .u .  

z and of energy i s  Z a .u . ,  where Z i s  t h e  n u c l e a r  charge.  Then w i t h  

t h e  d e f i n i t i o n s  . 

and Y (u ,v)  = u ( s ) . v ( s ) sk+2d s+r d s ,  k 

K 

t h e  r e s t r i c t e d  Hartree-Fock equa t ions  f o r  t h e  r a d i a l  1s and 2 s - o r b i t a l s  

u ( r )  and v ( r )  a r e  

0 0 1 0  1 HOu + [Y ( l s , l s )+Y (2s ,2s ) ]u  - 7 Y  ( l s , 2 s ) v  = E(1s)u + Y E  ( I s , ~ s ) v  

(3  1 

0 0 and HOv + 2Y ( l s , l s ) v  - Y ( l s ,ZS)u  = ~ ( 2 s )  v + E ( ~ s , ~ s ) u .  ( 4 )  

With orthonormal u and v ,  i t  fo l lows  t h a t  

0 0 1 
~ ( 1 s )  (uIHoIS + (ulY ( l s , l s )  + Y ( 2 s , 2 s ) [ $ -  7 (uIYo(ls ,2s) lv) ,  

and 

E ( : ' s )  = (vlHo 

€ ( lS ,2S)  = 

v) + 2 ( V ~ Y 0 ( l S , l S ) ~ V )  - (v 

- ( V l Y  (2s ,2s) lu)  = - (v /Y ( 
0 0 

2 



-1 Expanding i n  powers of  Z 

7 u = uo + u + ...) v = v  + v + . . . 9  1 
1 0 1 i 

E(n4) = co(nJ) + ~ , ( n a )  + . . . 

i t  fo l lows  t h a t  

and 

and 

whic 

The zero-order  equa t ions  de r ived  from ( 3 )  and ( 4 )  a r e  

have t h e  orthonormal hydrogenic s o l u t i o n s  

u = 2 exp ( - r ) y  
0 

(11) 
* 

vo = (1/2/2) (2 - r )exp(-$r)y E ( 2 s )  = - 0 

From t h e  f i r s t - o r d e r  equa t ions ,  

3 



we have t h a t  

The S l a t e r  i n t e g r a l s  appearing i n  (14 ) ,  (15) and (16) a r e  g a t h e r e d . t o -  

ge the r  f o r  convenient r e f e r e n c e  i n  appendix I .  S i m i l a r l y ,  from t h e  

second-order equa t ions  we have t h a t  

0) 

0 
0) (1 1 

E2(1S) = 3 &  I Y l ( l S , , l S )  0 Iuo) + 2 f 1 / Y l ( l S , 2 S )  0 Iv + u IY ( 2 s , 2 s )  Iu 

and 

0) 
E2(2S) = 2 v I Y  0 ( l s , l s ) ( v  + 4 u IY 0 ( 2 s , 2 s ) / u o )  - 2 ~ 1 1 Y l ( l s , 2 s ) / v  0 

0 )  (1 1 ( 1  1. 

where we have taken u and v normalized up t o  f i r s t  o r d e r ,  so  t h a t  

(u1 l u )  0 = ( v l ' V 0 >  = 0. (19) 

I f  t h e  t o t a l  energy E i s  s i m i l a r l y  expanded, 

E = E + E 1  + ..., 
0 

4 



i t  may be shown t h a t  

2~ n (1s)  + ~ ~ ( 2 s )  = (n f l )En;  (21) 

the  ma t r ix  e lements  appearing i n  (17) and (18) have been eva lua ted  by 

Linderberg (1961) and lead  f i n a l l y  t o  the  energy expansion ( i n  conven- 

t i o n a l  atomic u n i t s )  

The e x p e c t a t i o n  va lue  (L of an operator  

i s  g iven  i n  the  r e s t r i c t e d  Hartree-Fock approximation by 

and the  f i r s t - o r d e r  c o n t r i b u t i o n  is 
I 

(L)l = 2 + ( a l 2 s 4  

J 
on account  of (19) .  

Following t h e  procedures  of Dalgarno & Stewar t  (1956, 1958) we 

in t roduce  t h e  func t ions  x and y which s a t i s f y  

5 



(Ho - ~ ~ ( 1 s ) )  x + ( a  - ( d / l s ) o )  uo = 0, (27) 

and (xluo) = (YIV0)  = 0 (29) 

We note  t h a t  i t  fol lows from ( l o ) ,  (27) and (28) t h a t  

We now have (from (12) ,  (13 ) ,  (19 ) ,  ( 2 7 )  t o  (29))  

and 

so t h a t  

-(xlY;(ls,2s) bo) - (YlY1(lS,2S) 0 bo>) 
(33) 

which is independent of t h e  non-diagonal Lagrange m u l t i p l i e r  ~ ~ ( l s , 2 s ) .  

, 6(r)  and - lr- 2 The s o l u t i o n s  of (27) and (28) f o r  a = r n ( n  > l ) ,  r 

4 V have been l i s t e d  by Cohen & Dalgrano (1961). Using them, w e  can  

w r i t e  the e x p e c t a t i o n  v a l u e s  of t h e s e  o p e r a t o r s  i n  atomic u n i t s  

6 



I 

I ( c o r r e c t  t o  f i r s t  o rde r  i n  Z-') i n  t he  form 

(Dalgarno & Stewart  1960; Cohen & Dalgarno 1961) and we p r e s e n t  i n  

Tables  1 and 2 t he  v a l u e s  of the c o n s t a n t s  A ,  u and n. It  i s  of i n t e r e s t  

t o  examine the inf?.;ence of t h e  d i r e c t  a d  exchange i n t e r a c t i o n s  on t h e  

I I e f f e c t i v e  sc reen ing  c o n s t a n t s  cr(1s) and u(2s) and the t a b l e s  show the  

I v a l u e s  ob ta ined  by inc lud ing  success ive ly  i n  the  e v a l u a t i o n  of ( 3 3 )  

l and ( 3 4 )  t h e  d i r e c t  i n t e r a c t i o n ,  the exchange i n t e r a c t i o n  and t h e  

Lagrange m u l t i p l i e r  terms. 
I 
, 

The e f f e c t s  of t he  Lagrange m u l t i p l i e r  terms a r e  small  and t h e  be- 

l 
hav io r  of t h e  sc reen ing  c o n s t a n t s  i s  very s i m i l a r  t o  t h a t  found i n  t h e  

Hartree-Fock approximation f o r  t h e  beryl l ium sequence. 
i 
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2.2.  The 1s 22p 2Po c o n f i g u r a t i o n  

The r e s t r i c t e d  Hartree-Fock e q u a t i o n s  f o r  t h e  r a d i a l  ls- and 2p- 

o r b i t a l s  u ' ( r )  and w ( r )  a r e  

0 0 1 
HOu' + [Y ( 1 ~ ~ ~ 1 ~ ' )  + Y ( 2 S , 2 p ) ] ~ ' - z Y ' ( l ~ '  , ~ P ) w  = ~ ' ( 1 s ) ~ '  

(36)  

0 1 1  
and H1w + 2Y ( l S ' , l S ' ) w - ~ Y  ( I s ' , ~ P ) u '  = 

and with normalized u '  and w ,  w e  have t h a t  

0 0 
~ ' ( 1 s )  = (I' [HOlu') + (u '[Y (ls',ls') + Y (2pY2p) u'> -i (ut [ Y 1 ( l s '  ,2p) 

and ~ ( 2 p )  = + l H l [ w )  + 2 ~ ~ Y o ( l s ' , l s ' )  Iw) -3 (wlY1(ls',2p) 1.') - 
(39)  

Expanding a s  b e f o r e ,  t h e  zero-order  e q u a t i o n s  de r ived  from (36) and 

(37) are  

and 

which have t h e  hydrogenic s o l u t i o n s  

We may t h e r e f o r e  w r i t e  u and E ( 1 s )  f o r  t h e  zero-order  terms i n  bo th  

2 2 0  0 
t h e  S and P c o n f i g u r a t i o n s ,  and t h e  s i n g l e  k e r n e l  f u n c t i o n  Y l ( l s ' , l s ' ) =  

0 0 

0 Yl(ls , ls) .  Then, from t h e  f i r s t  o r d e r  e q u a t i o n s  

10 



values of these Slater integrals are listed in appendix I, and the total 

energy is given in atomic units by 

(46) 
2 E = -1.1252 + 1.093 526 142 + .... 

2 0  To evaluate the matrix elements (L)for the P state, we introduce 

the function z which satisfies 

I 
(H1-E0(2P))Z + (..e- (ej2p)0)W0 = 0 (47 1 

and {zlwo) = 0. ( 4 8 )  

Then we have in complete analogy with (31) and (32) 

r 
(+1)1 = 2(;laIuo) = 2i(xlY;(ls,ls) bo)+ (x/Y;(2P,2P) bo) 

(49 1 

and (412~)~ = 2411.41wo) = 2{2(zlY~(ls,ls) Iwo) -f (z/Y:(ls,2p) Iuo) 1 
(50) 

11 



and 

We have solved (47) f o r  v a r i o u s  o p e r a t o r s  4.  For k? = r n ( n  2 l), 

* 4 ? 1 2 ~ ) ~  = (n+4)!/24 (51) 

n+l k 
" 0  1, k(k+3)! ' z = -2(n+4)! 

k=2 

f o r  1-r -1 , (53) 

and 
1 
2 0  z = -rw (54) 

(55) - 2  1 
and for  k?=r , 

(56) 1. 2 z = (zr + -In r ) w  3 0' and 

- 3  For k?=r , (47) has  s t r i c t l y  no well-behaved s o l u t i o n .  The d i f f i c u l t y  

may be circumvented by cons ide r ing  i n s t e a d  the ope ra to r  k?=r + 2fl6(r) - 3  

and not ing t h a t  

( w l s ( r )  lw) = 0 

- 3  
t o  a l l  o r d e r s .  Corresponding t o  k?=r + 2f l6( r ) ,  

(57) 

(59) 1 1 
3 12 0' z = (-1/r + -ln r + -r)w and 

- 4  S i m i l a r l y  w e  r e p l a c e  r and o b t a i n  

and 

1 
+12P)o = 24 

1 1 
z = (-l /r2 - l / r  + -ln 3 r + -)wow 12 

12 



4 The o p e r a t o r  V p r e s e n t s  no d i f f i c u l t y ,  and we f i n d  

(63)  
8 1 z = ( - 4 / r  + 3 l n  r + 7 ) w  6 0' 

and 

The e x p e c t a t i o n  v a l u e s  of t h e s e  ope ra to r s  may now be w r i t t e n  i n  atomic 

- u n i t s  ( c o r r e c t  t o  f i r s t  o rde r  i n  Z - l )  i n  t he  form 

(54) 
Glls'> = A ' ( I s ) [ Z  - g(ls) ] n 

and @P) = A(2P)  b - 4 2 P )  1" (65) 

a s  f o r  t he  2S s t a t e .  The v a l u e s  of n ,  A and u ob ta ined  by s u c c e s s i v e l y  

i n c l u d i n g  t h e  d i r e c t  and exchange i n t e r a c t i o n  terms a r e  g iven  i n  Tables  

3 and 4.  

2 0  
The sc reen ing  c o n s t a n t s  f o r  the 1s s h e l l  of t h e  P s t a t e  a r e  

s i m i l a r  t o  b u t  s l i g h t l y  l a r g e r  t han  those of the 2S s t a t e ,  t h e  i n c r e a s e d  

sc reen ing  a r i s i n g  from the  exchange i n t e r a c t i o n  w i t h  t h e  o u t e r  s h e l l  

which d e c r e a s e s  t h e  sc reen ing  i n  the  2S s t a t e  and i n c r e a s e s  i t  i n  t h e  

2Po s t a t e .  

s t a t e  a r e  markedly l a r g e r  t han  those  i n  t h e  2S s t a t e  and i n  c o n t r a s t  t o  

those i n  t h e  ' S  s t a t e  they i n c r e a s e  uniformly wi th  i n c r e a s i n g  d i s t a n c e  

from t h e  nuc leus .  The anomalous behaviour of t h e  S - s c r e e n i n g  c o n s t a n t s  

has  been a t t r i b u t e d  p rev ious ly  t o  t h e  node of t h e  2s o r b i t a l  (Cohen & 

Dalgarno 1961). 

The sc reen ing  c o n s t a n t s  of t h e  o u t e r  e l e c t r o n  i n  t h e  2Po 

2 

2 0  I n  t h e  case of t h e  P s t a t e ,  t h e  screening c o n s t a n t s  of t h e  o u t e r  

e l e c t r o n s  are  l a r g e  and t h e  sc reen ing  approximation may be mis l ead ing  

for t h e  Imes t  r m b e r  of the sequence (2x3) hit i t  shoiild be r e l i a b l e  f o r  

the  h i g h e r  numbers. 
13 



0 w 
fn 

i3 

m u Y  
d W  

3 

m 

n 
u 
W 

n 
e 
v 

A 
Q 
U 

c 

f i  
m 
d 
b 

2 

C 

= 
L 
C 
L 
0 
s 
C 
C 

a 

N 

U 

0 

;j, 

e 
0 
m 
d 
0 

e 
03 m 
m 
0 

m 

N 
I 

N 
& 

m 
N 

2 
0 

0 
hl 
0 
-3 

0 

0 
rl 
h 
m 
0 

ml@J 

d 
I 

& 

In 
d 
-3 
cr) 

0 

m 
0 
m 
m 
0 

rl 
N 
d 
m 
0 

d 

d 

d 
I 
Ll 

co 
9 
0 
N 

0 

m 
In 
co 
N 

0 

m 
d 
h 
hl 

0 

hl 

N 

N 
I 
* &  

0-i 
N 
In 
hl 

0 

m 
m 
d 
hl 

0 

rl 
hl 
N 
hl 

0 

d 

m 

n 
b 
0 
E 

W 

0 
d 
m 
N 

0 

r( 
m 
@J 
hl 

0 

ul 
4- 
0 
hl 

0 

In 

d 

-3 D 

m 

g 
.I4 
U 
u m 

.A .,-I *I4 
u u u  

14 



0 
H 

'n 
P 
U 

n 
((I 
v 

n 
a 
N 
W 
4 

C 

w 
& 
0 
U m 
& a 
P 
0 

03 
N m e 
d 

co 
0 
0 
h 

d 

dIS 

m 

n 

CL) 
5: 
N + 
.8 

m 
I 
& 

* co 0 co co 
m e 
d I4 

n 
n 

I 

N 
a 

n 
Q e W 

e D 

2 
0 
.r( 
U 
u 
m 
!-I 
a, 
U 
d 
.r( 

(I) 
d 
I a 

N 

a, 
M c 
m c u 
X aJ 
-u 

U 
u 
aJ 
k 

* I 4  

CI 

n 
P 
v 

15 



2 2  2 2 0  
2.3. 1s 2s S-1s 2p P t r a n s i t i o n s  

The procedure by which we a r e  a b l e  t o  avoid t h e  de t e rmina t ion  of 

t he  f i r s t - o r d e r  o r b i t a l s  may be. extended t o  the  c a l c u l a t i o n  of m a t r i x  

elements connect ing d i f f e r e n t  s t a t e s .  To f i r s t  o r d e r  

where 

and 

assuming t h a t  Ivo) = (wl bo) = 0 .  

We now i n t r o d u c e  f u n c t i o n s  V and W such t h a t  

and ( V I V O ) =  (Klwo) = 0 .  (72) 

I t  then fo l lows  from (13) ,  ( 4 3 ) J  (69) t o  (72) t h a t  

The c a l c u l a t i o n  of e l e c t r i c  d i p o l e  t r a n s i t i o n  p r o b a b i l i t i e s ,  u s ing  

t h e  d ipo le  l eng th  fo rmula t ion ,  may be reduced t o  the  e v a l u a t i o n  of 

16 



To z e r o  o r d e r ,  

and t h e  s o l u t i o n s  of (70) and (71) for this case  are 

and 

2 3  V ( 1 / d 6 ) ( 6 r  -r )exp(-*r) 

w ( 1 / d 2 ) r  exp(-+r); 
3 

t h u s ,  c o r r e c t  t o  f i r s t  o rde r  

(75) 

(76) 

(77) 

and applying t h e  sc reen ing  approximation, 

(79) 
2 R2 = 9/(Z - 1.699) . 

2 A comparison of the v a l u e s  of R given by (79) wi th  the  r e s u l t s  of more 

r e f i n e d  v a r i a t i o n a l  c a l c u l a t i o n s  by Flannery & Stewart  (1963) i s  made 

i n  Table 5. Equat ion (79) i s  c o r r e c t  i n  t h e  l i m i t  of i n f i n i t e  Z b u t  

even f o r  Z a s  low a s  3 the  e r r o r  does not exceed 4%. Since t h e  conver- 

gence of (78) i s  poor f o r  Z=3,  t h e  smallness of the e r r o r  of (79) may 

be p a r t l y  f o r t u i t o u s .  

17 



2 2 0  TABLE 5. VALUES OF R FOR THE S- P TRANSITION 

z 
Flannery & 

Stewart equation ( 7 9 )  

2.3820 

1.3207 

0.9129 

0.6981 

0.5653 

0.4752 

~ 

2.3059 

1.3038 

0.9088 

0.6975 

0.5659 

0 .4761 

18 
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3 .  THE UNRESTRICTED HARTFEE-FOCK APPROXIMATION 

3.1. The (1s  1s' 2 s )  con f igu ra t ion  

, (22 )=(2  IHO1Vt )  + ( v  t o  1Y ( l s t , ; s t )+Yo( l s* , l s* )  12)- (v t o  IY < l S t , 2 S t , J V t $ .  

I 
The u n r e s t r i c t e d  Hartree-Fock equat ions  f o r  t he  r a d i a l  Is ,  Is' and 

* t 2s o r b i t a l s  u' ( r ) ,  u ( r )  and v ( r )  are ~ 

When we expand i n  powers of Z - l ,  t h e  corresponding zero-order  equa t ions  

I a r e  

which have t h e  hydrogenic s o l u t i o n s  

19 



Because of t h e  i d e n t i t i e s  of ( 8 7 ) ,  t h e  f i r s t - o r d e r  e q u a t i o n s  a r e  

(90) 
-i- 0 t 0 

and (Ho-~0(2s))vl  + [ 2 Y l ( l s , l s ) - ~ 1 ( 2 s  ) ]vo = Yl( l s ,2 s )uo ,  

s o  t h a t  

E I W  = 2 (volY;( ls , ls)  luo) - (volY;(ls,2s) luo) . (93) 

t 
The appropr i a t e  g e n e r a l i z a t i o n  of (21) f o r  t h e  t o t a l  e n e r g i e s  En i s  

t * t t 
~ ~ ( 1 s  ) + E (1s ) + ~ ~ ( 2 s  ) = (n + l ) E n  

rl 
(94) 

from which i t  fol lows t h a t  

(95) 
t t 

Eo = Eo, E l  = E l ,  

d i f f e r e n c e s  i n  t h e  t o t a l  e n e r g i e s  d e r i v e d  from t h e  r e s t r i c t e d  and unres-  

t r i c t e d  Hartree-Fock approximation appearing f i r s t  i n  second o r d e r .  

The 

E; = (uo 

second-order equa t ions  y i e l d  

20 



The d i f f e r e n c e  between 'the second-order e n e r g i e s  de r ived  from the  

u n r e s t r i c t e d  and r e s t r i c t e d  schemes may then be w r i t t e n  

where Au i s  the f u n c t i o n  de f ined  by 1 

( c f  I appendix 

appendix 111, 

(98) 
* 

1 1 1  nu = U  - u  

11). With the  use of the  s o l u t i o n  f o r  Au d e r i v e d  i n  

i t  fo l lows  t h a t  

1 

3 727 443 404 983 - 128 ln (9 /8 )  - E: - E2 - - 
531 441 1 594 323.1010 

(99) - -  - 0.00 026 216.. . . 

The sma l l  d i f f e r e n c e  between t h e  r e s t r i c t e d  and u n r e s t r i c t e d  

e igenva lues  i s  i n  harmony wi th  the  seve ra l  v a r i a t i o n a l  c a l c u l a t i o n s  

( c f .  Nesbet 1960).  

A f t e r  t h e s e  c a l c u l a t i o n s  were completed, a paper by Sharma (1962) 

t 
2 appeared i n  which E was eva lua ted  d i r e c t l y .  Taken i n  con junc t ion  w i t h  

t h e  r e s t r i c t e d  Hartree-Fock c a l c u l a t i o n s  of Linderberg (1961),  Sharma's 

r e s u l t s  a r e  i d e n t i c a l  t o  (99).  

Not on ly  i s  t h e  energy unchanged t o  f i r s t - o r d e r  by r e l a x i n g  t h e  

requirement  t h a t  t h e  1s o r b i t a l s  be i d e n t i c a l  b u t  a l s o  t h e  e x p e c t a t i o n  

v a l u e  of any o p e r a t o r  of t he  form (23) .  Thus the  zero-order  term of 

21 



i s  i d e n t i c a l  t o  (25) and t h e  f i r s t - o r d e r  term i s  I 

I 

4); = @l.'>l + (ells*)1 + ( 4 2 9 , ;  

t h e  i n d i v i d u a l  f i r s t - o r d e r  c o n t r i b u t i o n s  may be w r i t t e n ,  u s ing  (27) I 

and (28), I 

@1.'>1 = 2<jY; ( l s , l s )  + YY(2S,2S) luo) - 2(xIY;(ls,2s) IV,), 

($ls*)l = 2(X/Yl(lS,lS) 0 + Y1(2s,2s) 0 lUo), 

(e12st>l = 2 @ 2 Y ~ ( l s , l s ) v o )  - 2(yjY;(ls,2s) bo), 

and t h e i r  sum i s  I 

which i s  i d e n t i c a l  t o  (33) .  

3.2. The spin-  d e n s i  t y  

The s p i n - d e n s i t y  o p e r a t o r ,  which h a s  a t t r a c t e d  c o n s i d e r a b l e  a t t e n t i o n  

i n  r ecen t  years ( c f .  Sharma 1962),  does n o t  have the form (23) and t h e r e  

occurs  a d i f f e r e n c e  i n  f i r s t  o rde r  between the  v a l u e s  p r e d i c t e d  by the  

r e s t r i c t e d  and u n r e s t r i c t e d  approximations.  The s p i n  d e n s i t y  i s  d i r e c t l y  

r e l a t e d  t o  t h e  q u a n t i t y  

22 



I 
I 

which r educes  t;o +)= 4fi 6 I 6(r) iv) (107) 

~ 

1 
i n  t h e  r e s t r i c t e d  approximation. FromTable 2,  (107) i s  g iven  c o r r e c t  

I 

I 

t o  f i r s t - o r d e r  i n  Z - I  by 

I 
I 

3 (f) = +(Z - .1.0603) . 

I For l i t h i u m ,  (108) has  the v a l u e  3.649, whereas t h e  v a l u e  computed from 

numerical Hartree-Fock o r b i t a l s  i s  2.095 ( c f .  Nesbet 1960).  

, Sharma (1962) has  c a l c u l a t e d  (106) c s r r e c t  t o  f i r s t  s r d e r  by cn lv ing  
I 
I 

f o r  ut u* and vt He o b t a i n s  the  r e s u l t  
I 1' 1 1' 

I 

Z 
0*730 Z 608)2+(0.707 107 - l . 1 7 0  Z 325sl 

I which f o r  l i t h i u m  has a va lue  of 5.320. However, t h i s  procedure i s  n o t  

s t r i c t l y  a c o n s i s t e n t  one s i n c e  (109) omits second-order terms a r i s i n g  
1 

from (ui lfi6(r) luo) wh i l e  r e t a i n i n g  6; 166(r) 1ui) . 
~ 

I The c a l c u l a t i o n  can be c a r r i e d  ou t  t o  a s i m i l a r  accuracy wi thou t  

I determining ut u* and vt Thus i t  i s  e a s i l y  shown t h a t  t o  f i r s t  o rde r  1' 1' 1' 

I 
I (110) 

where x and y a r e  the  s o l u t i o n s  of r e s p e c t i v e l y  (27) and (29) correspond- 

i n g  t o  1 = 6(r).  Evaluat ing (110),  w e  ob ta in  f o r  t he  u n r e s t r i c t e d  

approximation 

2 
(5024 - 21721n3+3841n2)Z + O ( Z )  3 (f) = +z - - 2187 
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which becomes on application of the screening approximation 

(112) 
3 (f) = &(Z - 0.8852) . 

For lithium, (112) has the value 4.729. If we assume that (112) over- 

estimates by the same factor as does (108), we obtain a modified value 

2.715 for (f), which is close to that expected from a complete calculation 

with the unrestricted Hartree-Fock approximation. (The observed hyperfine 

splitting corresponds to a value of 2.9062 for (f)). 

It may be concluded that the Z-expansion procedure provides a quan- 

titatively valuable method for rapidly assessing the consequences of 

relaxing the restrictions which are contained in the conventional Hartree- 

Fock approximation. 

T h i s  work has been supported in part by N. A. S. A. and in part by 

a grant from the National Science Foundation. 

APPENDIX I. VALUES OF THE SLATER INTEGRALS 
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I APPENDIX 11. DERIVATION OF EQUATION (102) 

The solutions of equations (12), (13) may be written formally 
I 

4 u 1 = u 0 1  (f (ls,ls) + f1(2s,2s) - If 2 1  (ls,2s)}+7€l(ls,2s)v0 

(111) 

(112) 
8 

i v 1 = v0~2g1(1s,1s) - g1(ls,2s)} - ?;€l(ls,2s)uo, 

with similar equations for the g1 functions. j 
l 

Similarly, the solutions of (go), (91) and (92) may be written 

and 

t 
1 0 1  u = u (f (ls,lS) + f1(2s,2s) - fl(ls,2s)), (115) 

u; = U0(fl(lS,lS) + f(2s,2s)), (116 1 

(117) 
v t = vo(2gl(ls,ls) -g1(ls,2s)). 
1 

When the difference (E - E ) is written in terms of u o, vo and the fl, 2 
g1 the result is 
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from the d e f i n i t i o n  of Aul and t h e  use  of equa t ion  (16) .  

APPENDIX 111. SOLUTIONS OF THE FIRST-ORDER EQUATIONS I 

We t a k e  a s  an example t h e  equa t ion  (114) f o r  f l ( l s J 2 s )  which occur s  

i n  Aul ( equa t ion  (98) of the t e x t ) :  

The equat ion f o r  f l  may be w r i t t e n  

where 

(1 duo + -  1j.L.L + 2!-- 'PO d r  r j  cirJ' d r  

(1112) 

(1113) 

We t hus  have a f i r s t - o r d e r  equa t ion  f o r  d f l / d r  which may be i n t e -  

g r a t e d  d i r e c t l y ;  t h e  f i n a l  r e s u l k  i s  

r 
2 2  

f l ( r )  = 2 [ r u o ( r )  ]-2d1- 1 ( u o Y ~ v o  - (uoIY~Ivo) uo]s  d s  + c o n s t a n t ;  s 
0 (1114) 

t he  cons t an t  must be chosen s o  t h a t  (. 0 1 0  If I u )  = 0. 

The s o l u t i o n  f l ( l s , 2 s )  i s  t h u s  found t o  be 



w i t h  

3 e1(0) = - (z 11 + In 5) 

t o  s a t i s f y  the  o r thogona l i ty  cond i t ion .  

(1116) 

(1117) 
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